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Introduction

Probabilistic forecasts enable forecasters to express their uncertainty about
what they think will happen. This uncertainty information can add great
value to a forecast as it enables decision makers to better evaluate their operational risk. Given two distinct probabilistic forecasts, which is better? In
order to answer this question we require a method to evaluate probabilistic
forecasts along with their uncertainty information. Traditional root mean
square measures of distance are ineffective measures of ensemble forecast
skill (as they contrast only a point forecast with the verification) and alter-
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native evaluation techniques are required to deal with information regarding
forecast uncertainty. This work provides an overview of methods to evaluate
probabilistic forecasts and their practical application.

1.1

Probabilistic Forecasts

A probabilistic forecast is a mathematical object that assigns non-negative
forecast weight to all possible events X in the event space Ω. Moreover,
the forecast weight is normalised so that the total weight assigned over all
possible events sums to 1. Probabilistic forecasts can be either discrete or
continuous.
We define a discrete probabilistic forecast, according to the usual axioms of
probability, to be a probability measure P over a set of disjoint events Xi
Ω =

[

Xi

i = 0, . . . , N − 1,

(1)

so that the intersection between any two distinct events is empty, i.e.
Xi

\

Xj = ∅

i 6= j

(2)

so that P (Xi ) ≥ 0, ∀i and P (Ω) = 1. Discrete event spaces with only two
events are called dichotomous or binary events, event spaces with more than
two possible outcomes are called often multi-category events.
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We define a continuous probability forecast of a univariate variable by the
probability density function p(x) over the event space Ω. The event space
of a univariate variable can usefully be thought of as an interval of the real
numbers R. The forecast probability of an event X is then defined by
P (X) =

Z

p(x)dx

(3)

X∈Ω

where
Z

P (Ω) =

p(x)dx

Ω

= 1

(4)

These probabilistic forecasts can be formed in any imaginable way. Climatological probabilistic forecasts, based on historical data, are one example,
as are probabilistic forecasts based on ensemble forecasts. There are many
ways in which one can interpret these different sources of forecast information into a probabilistic forecast. Examples include: best member dressing
[22], plotting positions [13], Rank Histogram Recallibration [12], Multiple
implementation of single-integration MOS equations [8], Bayesian model averaging [21] and Kernel Dressing [2].
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1.2

Skill Scores

Forecast evaluation has traditionally relied on the notion of distance, where
the quality of a forecast is determined by how close it is to the verification
(the quantity that we want to forecast). While the notion of distance is intuitive when comparing point forecasts to point verifications, the conceptual
framework does not transfer to evaluating distributions with point verifications as is required when evaluating probabilistic forecasts. This conceptual
problem has often been circumvented by casting the probabilistic forecast
into a point forecast - most often by computing the distance between the
ensemble mean to the verification. While this approach is appealing in its
ease of use, reducing a probabilistic forecast to its mean value destroys all
the uncertainty information and renders fruitless all the effort required to
generate a probabilistic forecast.
In order to evaluate full probabilistic forecasts one employs a skill score—a
function that assigns a scalar value to probability forecast-verification pairs—
(P (x), X), where P (x) denotes the forecast probability assigned to all possible outcomes x by either a discrete probability measure or derived from a
continuous probability density forecast and X is the verification. There are a
multitude of skill scores that one can employ and each has its distinguishing
features. We discuss the most relevant properties in the following sections.
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A skill score is a function that assigns a scalar value to the forecast-verification
pair (P (x), X). We write
s = S(P (x), X),

(5)

to denote the skill s of a probabilistic forecast P (x) given the verification X.
It is usual to define skill scores in a cost function context so that smaller s
is more desirable.
In the same way that there are many metrics with which one can evaluate
point forecasts there are many skill scores. The important properties of a skill
score are propriety and locality. We discuss these properties in the following.

1.2.1

Propriety

Consistency between a forecaster’s beliefs and the forecasts issued is referred
to as Type 1 goodness by Murphy [20]. Forecast consistency can, however,
be detrimentally manipulated by the evaluation methodology. In order to be
consistent one should employ a proper skill score [14, 24, 10, 3].
Propriety is perhaps best exemplified by a skill score that is not proper.
Consider, for example, the Naı̈ve Linear Score defined to be
s = S(P (x), X)
= −P (X)
5

(6)

which is simply the negative of the probability assigned to the verification1 .
At first glance this skill score is appealing. It is simple to compute and
it is large and negative when a large probabilistic weight is assigned to the
verification. The score is, however, not proper, as noted by Staël Von Holstein
[14]. We can show that Equation 6 is not proper by showing that we would
expect to do better by issuing something other than our beliefs.
Let p(x) be the continuous forecast density that represents the forecaster’s
beliefs. The expected skill under p is
E(S(p(x), x)) =

Z

−p(z)p(z)dz.

(7)

Note that p(x) is either a constant, i.e. the forecaster has no preference for
any possible outcome, or that there is one event, X say, that scores better
than the expected skill, i.e.
−p(X) <

Z

−p(z)p(z)dz.

(8)

Consider the alternative probability density forecast defined by
1
g
qσ (x) =
σ

µ

x−X
σ

¶

(9)

defined by an arbitrary smooth, symmetric and normalised kernel g, e.g. the
Normal distribution, centred at X with spread σ. The expected score of this
1

Note that for continuous probability forecasts we can substitute the density p(X) for

the probability forecast P (X) and the results carry through
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forecast in the limit as σ → 0, given the belief p of the forecaster is then
lim

σ→0

Z

−qσ (x)p(x)dx = −p(X).

(10)

The expected score of the forecast qσ under p is better than the expected score
of p and any reasonable forecaster being evaluated using the Naive Linear
Score would issue qσ rather than p. The Naı̈ve linear Score thus encourages
the forecaster to issue forecasts that are different to their beliefs and hence
the skill score is improper.
A skill score is proper if for any two probability densities p(x) and q(x)
Z

S(q(x), z)p(z)dz ≥

Z

S(p(x), z)p(z)dz.

(11)

A score is strictly proper if this inequality is achieved only if p(x) = q(x) for
all x.

1.2.2

Locality

Another property of skill scores that is of interest is locality. A skill score is
local if it depends only on the probability assigned to the verification, i.e
S(P (x), X) = S(P (X), X).

(12)

The quality of a forecast, as measured by a local score, depends only on the
probability assigned to the verification and not on the shape of the distribu7

tion. This property has been referred to as relevance by Staël Von Holstein
[14].
Local scores are intuitively appealing, rewarding those forecasts that assign
large probabilities to those events that occur. There are, however, a number
of nonlocal scores that are widely used. What is the need for nonlocal skill
scores? Murphy [17] suggests occasions when the ‘distance’ of the forecast
from the verification is important, for example in cases of ordered variables
such as temperature and precipitation. For those cases, Murphy argues, one
wants to reward those distributions that assign probability near the verified
outcome. In order to motivate the usefulness of a concept of distance Murphy
puts forward the following example:

..., consider the forecasts
r = (0, 0.1, 0.3, 0.4, 0.2)
r0 = (0, 0.3, 0.1, 0.4, 0.2)
on an occasion when [the fourth class, p(x4 ) = 0.4] occurs. Note
that r and r0 consist of the same probabilities and that r4 = r04 =
0.4; the difference between r and r’ is simply that r2 =r03 and
r3 = r02 . The PS [Brier score] would assign the r and r0 the same
score (0.5). However, if the variable of concern is ordered, many
8

meteorologists and others would consider, no doubt, r to be a
better forecast than r’

Although one might prefer forecast r to r0 it is important to note that we
are not evaluating the quality of a single forecast but rather the quality of a
forecast system. In order to do this we must base our evaluation on a series
of forecasts.
There are proper local scores and proper non-local scores. Is there any reason
why one should be chosen over the other? At present, there is no compelling
argument for choosing a skill score based on considerations of locality.
A separate motivation for nonlocal skill scores is the need to deal with verifications that are assigned zero probability. Again, these deficiencies in the
forecast can be addressed by the skill score, or rather one can ensure that no
event is assigned zero probability.

2

Skill Scores

This section reviews a number of proper skill scores.
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2.1

Brier Skill Score

The Brier skill score [1] for continuous forecasts is defined to be
Z
S(p(x), X) =
(p(z) − δ(X − x))2 dz
Z
= 1 − 2p(X) + p(z)2 dz,

(13)

where δ(y) is the delta function: δ(y) = 0, y 6= 0 and infinity at y = 0. For
discrete forecasts, the Brier score is
S(P (x), X) =

N
X
i

(P (Xi ) − δ(Xi − X)))2

(14)

The Brier score is frequently applied to forecasts of dichotomous events, e.g.
rain/no rain. In such cases the events map onto the binary events X0 = 0
(no rain) and X1 = 1 (rain) and the skill score can be reduced to
S(p(x), X) = 2 · (x − p(X = 1))2

(15)

To show that the Brier score is proper we consider the expected skill of the
forecast p(x).
Z

Z

p(y)(1 − 2p(y)) + p(z)2 dzdy
Z
Z Z
2
= 1 − 2 p(z) dz +
p(y)p(z)2 dzdy.

E(S(p(x), x)) =

(16)

The expected skill score for a different forecast q(x), given the belief p(x) is
Z
Z
E(S(q(x), x)) =
p(y)(1 − 2q(x)) + q(z)2 dzdy
Z
Z Z
= 1 − 2 p(z)q(z)dz +
p(y)q(z)2 dzdy.
(17)
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If the Brier skill score is improper then we can improve our score by issuing
something other than our beliefs, i.e. we can have
E(S(p(x), x) ≥ E(S(q(x), x))
Z Z
Z
Z Z
Z
2
2
2
p(y)p(z) dzdy − 2 p(z) dz ≥
p(y)q(z) dzdy − 2 p(z)q(z)dz
Z
Z
Z
2
2
0 ≥
p(z) dz + q(z) dz − 2 p(z)q(z)dz
Z
0 ≥
(p(z) − q(z))2 dz.
(18)
Clearly, this cannot be the case and hence the Brier skill score is proper.
The Brier score is not local for continuous forecasts and multi-category discrete forecast, since the score depends on the probabilities of events forecast
that do not occur. The score is, however, straightforward to implement in
the case of discrete forecasts.

2.1.1

Log Probability Score

The log probability score [11], or ignorance skill score [23], is defined to be
S(p(X), x) = − log(p(x)).

(19)

The skill score is proper [10, 15] and local, since S depends only on the
forecast at x. It is the only proper local skill score for continuous forecast
distributions. Propriety can be shown by considering the expected skill of
two forecasts p(x) and q(x) given the belief p(x).
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E[S(p(X), x)] − E[S(q(X), x)] =

Z

−p(x) log p(x) −

=

Z

p(x) log

Z

−p(x) log q(x)dx

q(x)
dx.
p(x)

(20)

The term on the right is zero if and only if p(x) = q(x) and is positive
otherwise. One cannot expect to improve one’s score by issuing anything
other than one’s beliefs p(x).
The log probability score is straightforward and computationally economical
to implement for both discrete and continuous forecast distributions. When
comparing two forecast systems it is important that they are computed over
the same event space, i.e. to compare a discrete forecast and a continuous
density function one must compute the probability measure assigned by the
continuous forecast to the event space implicit in the discrete forecast.
There have been criticisms of the log probability score, most notably on
its scoring of forecasts that assign zero probability to the outcome. The
property has been defined by Selten [26] as hypersensitivity. Whether or
not hypersensitivity is a downside depends largely on whether or not the
forecaster is willing to accept zero probability being ascribed to events that
actually occur.
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2.1.2

Ranked Probability Score

The ranked probability score [7, 15] is a scoring rule, based on the quadratic
scoring rule, that seeks to reward forecasters for assigning probability, not
only to the verified event, but also to near the verified event. The continuous
ranked probability score is defined to be

S(p(x), X) =

Z

(f (x) − H(x − X))2 dx,

(21)

where f (x) is the cumulative density function of p(x) defined by
f (x) =

Z

x

p(y)dy

(22)

−∞

and H(y) is the Heaviside function, which is zero for y < 0 and 1 for y ≥ 0.
The score corresponds to the integral of the Brier score for the associated
binary probabilistic forecasts at all real value thresholds.
For discrete forecasts the ranked probability score is defined by
S(P (x), X) =

N
−1
X
i=0

(F (Xi ) − H(X))2 ,

(23)

where F (x) is the cumulative probability function of P (x). The ranked probability score is proper [10, 16] but not local.
The continuous ranked probability score has a convenient representation
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when the predictive distribution is normal, N(µ, σ) [10], with
¶
µ
µ
µ
¶
√
X −µ
X −µ
σ
S(N(µ, σ), X) = √
1− π
erf √
σ
π
2σ 2
¶¶
µ
2
√
(X − µ)
− 2 exp −
2σ 2

(24)

where erf denotes the error function (or Gauss error function). This nonlocal score is however, more difficult to evaluate for non-standard predictive
distributions, such as those derived by kernel dressing each ensemble member.

3

Evaluation By Skill Score

The performance of a probabilistic forecasting system can only be evaluated
over a series of forecasts. That is one requires a set of forecast-verification
pairs {pt (X), xt }, t = 1, . . . , N in order to determine the quality of a forecasting system. It is usual to summarise the performance of a forecasting
system by the sample skill score,
N
1 X
s̄ =
S(pt (X), xt ).
N t=1

(25)

The sample skill score s̄ is an estimate of the “true skill” s. It is important to
estimate the uncertainty in this estimate. If we believe that the uncertainty in
the sample statistic is Gaussian then we can compute the standard error. An
alternative expression for the uncertainty can be achieved by bootstrapping
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[5] the sample skill score. Bootstrapping involves drawing, with replacement,
from the sample of skill scores and computing the sample mean of these
bootstrapped samples. The result is a distribution of sample means that
expresses our uncertainty in the estimate of the sample mean.
One often wants to compare the performance of two models, say p(X) and
q(X). A straightforward comparison of the sample means and their uncertainties can be misleading. It may be the case, for example, that the sample
means are statistically indistinguishable, i.e. the uncertainty in the sample
means overlap at some significant level. One is often concerned with dayto-day performance and a comparison of the mean performance does not
necessarily provide this information. To investigate the day-to-day performance one can consider the sample mean of the relative skill scores
N
1 X
D̄ =
S(pt (X), xt ) − S(qt (X), xt ).
N t=1

(26)

Given that smaller skill scores are more desirable, positive D̄ indicates that
the forecast system that produces q(X) is better, while negative D̄ indicates
that p(X) is better. Again, one can estimate the uncertainty in D̄ using
bootstrap error bars and require that these bars are above or below zero in
order to find in favour of either forecasting system.
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4

Summary

Probabilistic forecasts can be evaluated using one of a number of skill scores.
It is important that whatever skill score is employed that it does not encourage the forecaster to issue something other than their beliefs. A comparison
of forecast systems should take into account the relative performance over
each forecast instance. This can be achieved by considering the relative skill
score. Moreover, it is important to remember that the skill over a finite set
of forecast-verification pairs is itself a statistic with associated uncertainty.
A fair evaluation will present this uncertainty information.
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